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A bstract
SHADOWING FOR LINEAR SYSTEMS
OF DIFFERENTIAL EQUATIONS
JERZY OMBACH*
For a system of linear ordinary differential equations with constant
coefficients a simple proof is given that hyperbolicity is equivalent
to shadowing.
1 . The notion of shadowing or the pseudo orbit tracing property
(abbr.POTP) usually appears if one considers a dynamical system on a
compact manifold . The famous Shadowing Lemma says, rough1y speak-
ing, that hyperbolicity implies the POTP. There are a number of proofs
of this result : all of them rather complicated and tedious . In every
case the compactness is essential . Morimoto, however, in [4] considered
this property in R' for discrete dynamical systems generated by linear
homeomorphisms . He and Kakubari in [3] proved that hyperbolicity
is equivalent to the POTP for such systems . In [5] we give a differ-
ent proof which covers also infinite dimensional case . In this note we
show the analogous statement for systems of linear ordinary differential
equations with constant coefficients . A proof that hyperbolicity implies
shadowing established for discrete case in [4] may be transformed to con-
tinuous case, [7], yet we give here a different proof which is simpler and
works also in discrete case . A proof of the converse statement mimics
the discrete version from [5] . The concept of the POTP comes from
Anosov and Bowen . For dynamical systems with continuous time it was
examined by Franke and Selgrade in [1] and by Thomas in papers [8] [9]
and others, see Thomas' papers for more details . For such systems the
common definition of the POTP is as follows . Every S-pseudo-orbit with
sufficiently small S > 0 can be arbitrarily close uniformly approximated
by a true orbit after some reparametrization of time on the true orbit .
What we are going to show is that for a system of differential equations
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of the form x' = A - x, A is n x n matrix, the POTP is equivalent to
hyperbolicity of the system, see below for a definition. Besides, we show
that the POTP can be replaced by conditions which are slightly different
from the original definition of the POTP, yet the above equivalente will
still hold true .
2 . Let (X, d) be a metric space and 0 : X x R --> X be a flow Le . 0 is
continuous, O(x, 0) = x, O(O(x, t), s) = O(x, t + s) for every x E X, t, S E
R. An orbit of a point x E X is a set {O(x, t) : t E R} .
Let T > 0 and 6 > 0 . A pair of sequences ({x°°-__oo},_oo}, {t°°__.}), xrc E
X, tn E R, tn > T, for all n E Z, is said te be a (6, T)-pseudo-orbit if for
allnEZ
( 1 ) d(O(xn, tn), xn+l) < 6.
For a given (6, T)-pseudo-orbit we denote by xo * t the point which is t
units from xo along the pseudo-orbit . More precisely,
xo *t O(xn,
t - Sn), for Sn -<
t < Sn+l, where t > 0,= -
O(x., t + Sn), for - Sn < t < - Sn+l, where t < 0,
where so = 0, Sn = E?ó ti, for ra = 1, 2, 3 . . . , Sn = Lriln ti, for ra =
-l, -2, -3, . . .
A (S, -r)-pseudo-orbit is c-traced, E > 0 is given, by the orbit of a point x
if there is a reparametrization of time Le . ara increasing homeonlorphism
h : R --> R, h(0) = 0, such that
(2) d(O(x, h(t)), xo * t) < E, for all t E R.
We say that the flow 0 has the pseudo-orbits tracing property with re-
spect to r (POTP(T)) if for every E > 0 there exists S > 0 such that any
(S, T)-pseudo-orbit is E-traced by some orbit . The flow has the POTP if
it has the POTP(T) for all T > 0 .
The above definition was established by Ranke and Selgrade and then
used by many authors, see for example [6], [8] and referentes there in .
Yet, for flows ora Rn we will see that this definition may be weakened
or strengthen in various ways and the new conditions such obtained are
still equivalent to the original definition of the POTP.
We say that the flow has the strong POTP(-r) (SPOTP(T)) if in the
above definition of the POTP(T) we take h(t) = t for all t E R. We
say that the flow has the normal POTP(T) (NPOTP(T)) if in the above
definition of the POTP(T) we may restrict ourselves to (6, T)-pseudo-
orbits having all tn = T. We say that the flow has the NSPOTP(T) if
SHADOWING FOR LINEAR SYSTEMS
	
247
it has both SPOTP(T) and NPOTP(,r) . At last, the flow has SPOTP,
NPOTP or NSPOTP if it has the corresponding property with any T > 0 .
A semi-orbit of a point x E X is a set {O(x, t) : t >_ 0} . A semi-(S, T)-
pseudo-orbit is a pair of sequences ({x,ño }, {tñ°_ o }), xn E X, tn >_ T,
such that (1) holds for all n E N. Now, any of the above definition may
be reformulated in terms of semi-orbits and semi-pseudo-orbits . Cor-
responding concepts thus obtained will be denoted by semi-POTP(T),
semi-POTP, etc .
Let us note that any semi-(S, T)-pseudo-orbit may be extended to
a (S, T)-pseudo-orbit by putting xn = O(xo, nT) and tn = T for all
n = -1, -2, -3, . . . . Hence any mutation of the POTP defined above
implies the corresponding semi-property .
Let us note that in the definition of the POTP(-r) (and in all other
definitions) we may assume that for all n E Z we have tn <_ 2-r. In
fact, if we have tn > 2-r for some n then there is k > 2 such that
kT _< tn < (k + 1)T . We modify the (S, T)-pseudo-orbit by inserting
between points xn and xn+1 points xni = W(xn, iT), where i = 0, . . . . k-1
and by putting numbers tni = T for i = 0, . .', k-2, tn(k_ 1 ) = tn-(k-1)T
in place of tn . It is clear that after such modifications the new (S, T)-
pseudo-orbit shows the same xo * t for all t E R but now all tn < 2T .
We also remark here that the above definitions do not depend on a
particular metric used but rather en the uniform structüre on the space
X.
We consider a system of ordinary linear differential equations with
constant coefficients
x'=A-x
and its flow O(x, t) = exp(tA) - x, where A is certain n x n matrix . The
system (or its flow) is said to be hyperbolic if all eigenvalues of the matrix
A have non-zero real parts .
Our main results are established in the following two propositions and,
in more complete form, as the theorem .
Proposition l . If system (3) is hyperbolic, then its flow has the
SPOTP.
Proposition 2 . If thefow of system (3) has the semi-NPOTP(T) for
some T > 0, then the system is hyperbolic .
Theorem . For system (3) all definitions of the various types of the
pseudo-orbits tracing property stated above are equivalent to each other
and any of them is equivalent to hyperbolicity.
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The proofs of the propositions will be presented in the next section .
The propositions easily imply the theorem, and a proof of the theorem is
shown at the following figure . Let T > 0 be fixed . Then, all implications
pointed out at the diagram are obvious .
3 . In order to prove Propositions 1 and 2 we will need the three fol-
lowing lemmas . The first two Nave straightforward proofs .
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Lemma 1 . Let (Xi, di), i = 1, 2 be metric spaces and Wi flows on Xi .
Let X = Xl x X2 be equipped with a metric compatible with the uniform
product structure . Let <P be the product flow on X i.e . 0((xl, x2), t) _
(01(x1, t), 02(x2, t)) .
(i) If 01 and 02 have the SPOTP(-r) then <P does .
(ii) If 0 has the semi-NPOTP(T) then both 01 and 02 do .
Lemma 2. Let 0 be a flow on a metric space X satisfying the follow-
ing condition : For every T > 0 and E > 0 there exists 6 > 0 such that :
d(x, y) < S and ¡ti < T imply d(O(x, t), O(y, t)) < e . (This condition is
satisfied by the fow of system (3)) . Then, if 0 has the SPOTP(T) then
the reverse fow 0, O(x, t) = O(x, -t), has the same property .
Lemma 3. Let 0 be a fow on Rn . If 0 has the semi-SPOTP(-r) then
it has the SPOTP(T) .
Proof. Let 6 > 0 be chosen to a given e > 0 by the semi-SPOTP(T) .
Let ({x°° {t°°__.}) be a (6, T)-pseudo-orbit . Then for each k E N
({x°° _k}, {tn°__k} is a semi-(6, T)-pseudo-orbit starting from the point
x_ k . So, there exis~`s 15oints y_k E Rn such that
d(O(y_k, t), x_k * t) < c, for all t > 0 .
It follows that the points zk = O(y-k, s_k) belong to the ball B(xo, e) . By
the compactness of the closed ball we get a point x E Rn and a sequence
k i -j oo such that zki --> x . This point e-traces the above (6, T)-pseudo-
orbit . For it, fix t E R and consider such kis that -S-k¡ <_ t (it is so for
almost all kis because ti > 7') . We have :
d(O(zkti, t), xo * t) = d(O(O(y-ki, s-kj, t), xo * t) =
Letting ki ---> oo we have d(O(x, t), xo * t) < e .
= d(O(y-ki , s-k¡ + t), x-ki * (s-k¡ + t)) _< e .
Proof of Proposition 1 : Fix T > 0 . First we show that any system of
the form (3) with a matrix A which all eigenvalues have negative real
parts shares the semi-SPOTP(-r) . Then, by Lemma 3 such a system has
the SPOTP( ,r) . Hence, any system of the form (3) with a matrix A which
all eigenvalues have positive real parts has, by Lemma 2, the SPOTP (T) .
Now, any hyperbolic system is, by the Jordan Decomposition, a product
of two systems ; one having all eigenvalues with positive and the other
with negative real parts . Lemma 1(i) will complete the proof.
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So we assume that all eigenvalues of the matrix A have negative real
parts . It is known, see for example [2], that there are a norm on Rn and
a constant c > 0 such that
Fix e > 0 and let 5 > 0 be small enough to be determined later . Let
({x'_o }, {t,~o }) be a semi-(b, T)-pseudo-orbit . We show that this semi-
orbit is e'-traced by the point xo . Recall that so = 0, sn = Ez~ t2 for
n=1,2,3, .
First we have:
II0(x0, Sn+1) -
Hence by induction
11 exp(tA) - xii < e- `t - llxil, for all t > 0 and x E Rn .
xn+lll :~ II4'(x0,sn+1)-O(xn,tn)II+II0(xnytn)-xn+1ll :~
< 110(x0, sn), tn) -W(xn,tn) II + b <-
11 exp(tnA) - (4'(x0, Sn) - xn)11 + b <
< e-CT 110(xo, Sn) - xnll + S .
110(X0, sn) - xn l l
for any e', if b is sufflciently small .
Fix t > 0 . There exists n E N with sn < t < Sn+l . By the remark that
we made after the definitions of the POTP we may assume : 814_1 - sn <-
27- . We have :
II0(x0, t) - xo * ti¡ = 110(x0, Sn), t - Sn) - `V(xn, t - Sn)11 =
_ 11 exp(t - sn)A - (exp(snA) - xo - xn)11 <
e (t-sn)IIAII - II0(x0, Sn) - xnll < e2-IIAII . E' < e
for small e' > 0 . The proof is complete .
B=
(000 . . . 0
010 . . . 0
001 . . . 0 ,B=C,B=
be -C% ,r < - < É- 1 __ e-C7-
Proof of Proposition 2 : Assume that the flow of system (3) has the
semi-NPOTP(-r) with some positive r . Assume that the matrix A is
not hyperbolic and let A = i~3, ~3 E R, be an eigenvalue of A with zero
real part . Let B be the real Jordan block of A corresponding to A . By
Lemma 1(fi) the flow of the system x' = B - x has the NPOTP(-r) .
Matrix B may have one of the following forms : B = 0,
(CO . . . 0
ICO . . . 0
OIC . . . 0
~o . . . 010/ ~o . . . OIC)
where
exp(tB) =
Hence
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C=(~ 0), andl=(0 1o)
Our goal is to construct a semi-(5, T)-pseudo-orbit, with t,, = T, for any
small S which is not traced by any point . It will complete the proof . In
fact, we construct such a semi-(S, T)-pseudo-orbit in all the above cases
yet a proof is presented only for the last, more interesting one .
In the case B = 0 the flow acts on some one-dimensional subspace
which can be identified with the real axis R. We define a semi-(S, T)-
pseudo-orbit by xn = n5, tn = T for n E N . In the second case the flow
acts on certain k-dimensional subspace, say Rk . We define a semi-(S, T)-
pseudo-orbit as xo = 0 E Rk and
Here, a( ¡ ) denotes the i-th coordinate of a vector a from Rk . In the third
case the flow acts on a plane, say R2. We define a semi-(S, T)-pseudo-
orbit by '
xn
_
-
(nS - cos(nT0)
) '
tn = 7--n6 - sin(nT0)
In the last case the flow acts on some 2k-dimensional subspace, say R2k .
A semi- (5, T)-pseudo-orbit is defined by: xo = 0 E R2k,
To see it is in fact a semi-(S, T)-pseudo-orbit note that :
(n + 1)8 cos(n + 1)-ro
(n + 1)S sin(n + 1),rO
O(xn)(3) , tn = T.
0
Rt /
r (n + 1)8
O(xn)(2) )
cos t/O - sin 43where Rt = ( sin t~3 cos t~3
(exp(tB) . x)(1) = Rt .
x(1)
( (exp(tB) x) (2) ) (x(2)) '
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Hence
d(O(xn, tn), x..+1) = II W(xn, T) - X.+1 11 =
-
l~Rt
«x.)(1)
xn)(2) - (xn+1)(2))
b . ( sm(n + 1),r~3)
This semi-(S, T)-pseudo-orbit is not traced by any point of R2k . In fact,
given x E R2k and an increasing homeomorphism h : R --> R, h(0) = 0,
we have :
d(O(x, h(n-r)), xo * nT) = 11 exp(h(nT)B) - x - xn 11 >
(exp(h(n-r)B) ' x)(1) (xn+1)(1) _ x(1) -,
(exp(h(n-r)B) ' x)(2)) - ( (xn+I)(2)) > x(2))
-nS
as n -> oo .
One could ask why we did not use the complexification method as it
was done in [5] for the discrete case . The reason is that the complex-
ification method would require that the converse statement to that in
Lemma 1(ii) holds true and this is not so obvious .
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